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ABSTRACT

In this paper, a new method is presented for numerically approximating integrals

using quasi-Monte Carlo sequences. By applying a least-squares smoothing procedure

to the sequences, a faster rate of convergence is achieved thus reducing the number

of nodes required for the same degree of accuracy.

This acceleration method is applied to three particular integrals in a variety of

dimensions. The �rst integral is a smooth exponential function and the second has a

discontinuous integrand. The last integral deals with a speci�c problems in mathe-

matical �nance, computing the price for a European call option.
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CHAPTER I

INTRODUCTION

In this document a method for accelerating quasi-Monte Carlo approximations is

presented. Through the application of a least-squares smoothing procedure a faster

rate of convergence is achieved, reducing the number of nodes required for a pre-

scribed degree of accuracy. This method of acceleration will be described and its

approximation error will be analyzed as well. Four speci�c integrals will be examined

using two di�erent quasi-Monte Carlo sequences, the Faure sequence and the Halton

sequence. For each integral a variety of dimensions will be considered, and the results

for each sequence will be compared with the corresponding accelerated sequence.

The motivation for this paper is to �nd a more eÆcient method for the numerical

approximation of integrals, with special consideration given to mathematical �nance

problems.

The �rst integral to be considered is a smooth exponential equation,Z 1

0

Z 1

0

� � �
Z 1

0

exp(x1x2 � � �xs)dx1dx2 � � �dxs; for s = 1; 2; 4; 6 (1.1)

where s is the dimension of the integral.

The second integral, studied in [3], has a discontinuous integrand.Z 1

0

Z 1

0

� � �
Z 1

0

�
1

Rs

�s

�s(x1; x2; : : : ; xs)dx1dx2 � � �dxs (1.2)

where

Rs =

�
7

8

� 6
s

and

�s(x1; x2; : : : ; xs) =

8<
: 1 if jxi � :5j � Rs

2
, for i = 1; 2; : : :

0 otherwise.

and s is the dimension.
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The third integral, studied in [2], determines the price of a European call option

and is strictly a one-dimensional problem.

C =
e�rTp
2��2T

Z 1

ln s

(ex � S)e
�(x�lnS�rT+�

2
T
2

)

2�2T dx (1.3)

where

T = 1; r = 0:1; S = 100; � = 0:3; and s = 1

2



CHAPTER II

MOTIVATION FOR QUASI-MONTE CARLO

In this chapter, the advantages of using quasi-Monte Carlo over numerical inte-

gration and standard Monte Carlo methods will be discussed.

For numerical integration, consider,for example, the trapezoid rule in one dimen-

sion. The trapezoid rule yields the approximationZ 1

0

f(u) du �
mX
n=0

wnf
� n
m

�
(2.1)

where the weights are w0 = wm = 1

2m
and wn =

1

m
for 1 � n � m� 1. By assuming

now that f 2 C2[0; 1], the error is then O(m�2), as shown in [4]. Considering general

dimension s, the trapezoid rule has the approximationZ 1

0

� � �
Z 1

0

f(~u) d~u �
mX

n1=0

� � �
mX

ns=0

wn1
� : : : � wns

f
�n1
m
; : : : ;

ns

m

�
(2.2)

Here, the total number of nodes used is N = (m + 1)s, and the error is once again

O(m�2). In terms of N , this becomes O(N� 2
s ), which means that in order to have

an error of less than 10�4 in a six dimensional problem, approximately, 1012 nodes

would be required. A similar analysis applies to any standard numerical integration

method.

The standard Monte Carlo method will be examined next. Consider the integralZ
B

f(~u)d~u =

�Z
B

d~u

�
E(f) (2.3)

where

E(f) =

R
B
f(~u)d~uR
B
d~u

(2.4)

is the expected value of f , B is a subset of Is, and I = [0; 1]. The Monte Carlo

estimate for E(f) is found by taking N independent random samples and letting

E(f) � 1

N

NX
n=1

f(an) (2.5)

3



The Central Limit Theorem then guarantees that

lim
n!1

1

N

NX
n=1

f(an) = E(f) (2.6)

Next, the variance of f is

�2(f) =

Z
B

(f � E(f))2d~u (2.7)

Once again by the Central Limit Theorem, for large N , it is obtained that

prob

 ����� 1N
NX
n=1

f(an)�
Z
B

f(~u)d~u

����� � ��p
N

!
� 1p

2�

Z
�

��
e�

x
2

2 dx (2.8)

So for example, if � = 1:96, then the error is less than 1:96�p
N

with a probability of

0:95. Thus, it is said that the standard Monte Carlo method has error proportional

to 1p
N
. Here, the error does not depend on the dimension of the integral being

approximated. Thus if 1012 nodes were used as before, the error for Monte Carlo

would be approximately 10�6, which is better than the trapezoid rule by a factor of

10�2.

Considering quasi-Monte Carlo now, letZ
B

f(~u)d~u � 1

N

NX
n=1

f(~xn) (2.9)

where ~xn 2 B are deterministic points. By constructing sets of deterministic nodes, an

error bound of O(N�1(log N)s�1) is possible. This error bound and its derivation will

be discussed in depth in Chapter V. It will later be shown in the results in Chapter VI

that O(N�1(log N)) is a reasonable estimate for quasi-Monte Carlo approximation.

The error is actually of the form

N�1[c1(log N) + c2(log N)2 + : : :+ cs�1(log N)s�1]; (2.10)

but it turns out that the coeÆcient c1 is typically dominant, whereas the remaining

coeÆcients are small. Thus if it is assumed that the error is O(N�1(log N)), then if

N = 1012 as before, the error is approximately 10�11. So it can be concluded that

in general, quasi-Monte Carlo approximation is more accurate than standard Monte

Carlo and numerical integration, particularly in high dimensions.
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CHAPTER III

QUASI-MONTE CARLO SEQUENCES

In this chapter, three types of quasi-Monte Carlo sequences will be described:

van der Corput, Faure, and Halton. Van der Corput sequences are speci�cally one

dimensional and form the basis for the Faure and Halton sequences. The primary

focus of this chapter is how the Faure and Halton sequences are formed.

To begin, the generation of a one-dimensional sequence of quasi-random numbers

is delineated. Let r be any prime number. Any base 10 integer n has a unique

expansion in base r, and this expansion has only a �nite number of nonzero terms.

The number of terms in the expansion will be denoted m, and in general,

m = g(logr n) (3.1)

where g represents the greatest integer function. For programming purposes, it is

not necessary that this value be precisely known, though it may help for memory

allocation. The quasi-random number corresponding to n will be in the set [0; 1].

It is formed by re
ecting the base r expansion about the decimal point and then

converting that result back to base 10.

For example, let r = 2 and n = 6. The �rst step is to convert 6 to a base 2

number.

6 = 1(22) + 1(21) + 0(20)! 1102 (3.2)

Next, the base 2 number is re
ected about the binary point.

1102 ! :0112 (3.3)

Last, this re
ected number is converted back into base 10.

:0112 !0(2�1) + 1(2�2) + 1(2�3)

= 0 +
1

4
+
1

8
(3.4)

=
3

8

5



The �rst ten numbers of the one dimensional sequence with r = 2 are

1

2
;

1

4
;

3

4
;

1

8
;

5

8
;

3

8
;

7

8
;

1

16
;

9

16
;

5

16
(3.5)

Thus, a pattern can be discerned from the sequence. Not including the endpoints,

the sequence begins with 1

2
, then �lls in the remaining two fourths, the remaining

four eighths, the remaining eight sixteenths, and so on. A similar pattern is observed

for other values of r. So it can be seen that the sequence is slowly and evenly �lling

in the space [0; 1]. Such sequences are called van der Corput sequences, and can be

formed using any values of r and n.

Now it is easy to describe the formation of a one dimensional Faure sequence.

The value of r for a Faure sequence is always taken to be the smallest prime number

greater than or equal to the dimension of the desired quasi-random number, and in

a one dimensional sequence this will always be 2. Therefore the list of numbers in

equation 3.5 represents the �rst ten one dimensional Faure numbers because they

were generated with r = 2. In general, for one dimension,

n =

mX
j=0

aj(n)r
j (3.6)

where the aj(n) are the coeÆcients of the base r expansion of n, with j = 0 corre-

sponding to the ones position. Then the nth quasi-random number in the sequence

is

�r(n) =

mX
j=0

aj(n)r
�j�1 (3.7)

Multi-dimensional Faure sequences can be generated recursively using the one

dimensional sequence with an appropriate value of r. For some value of n, �rst the

coeÆcients of the base r expansion are found, i.e. the values of a1
j
(n) for j = 0 : : :m.

The superscript indicates the dimension. Now assuming the values of ak�1
j

(n) are

known, the terms of the next higher dimension are generated by [2]:

ak
j
(n) =

mX
j=0

mX
i=j

��
iCj � ak�1i

(n)
�
mod r

�
(3.8)

6



where

iCj =
i!

j!(i� j)!
(3.9)

Then the corresponding points in the Faure sequence are found via

�k

r
(n) =

mX
j=0

ak
j
(n)r�j�1 (3.10)

Halton sequences require a simpler algorithm than Faure sequences. A one di-

mensional Halton sequence is the van der Corput sequence formed using r = 2. It

turns out that the one dimensional Halton sequence is exactly the same as the one

dimensional Faure sequence.

Now consider s-dimensional Halton points. Let p1; : : : ; ps represent the �rst s

prime numbers and let x(n) = (x1; : : : ; xs) be the nth s-dimensional Halton point.

Then xi is the nth van der Corput point with r = pi, for i = 1; : : : ; s. Thus, for

a three dimensional Halton point, the x-coordinates are van der Corput points with

r = 2, the y-coordinates are van der Corput points with r = 3, and the z-coordinates

are van der Corput points with r = 5.

The following four pages contain eight �gures that demonstrate how the Faure

and Halton sequences �ll in the unit square. In the case of the Faure sequence, a

certain amount of regularity is noticed in the position of the points, due to the fact

that r = 2 would be used for both one and two dimensions. For Halton, however, the

x and y coordinates are found using two di�erent values of r, and so the pattern is

not as pronounced. These graphs were created by outputting data from a FORTRAN

program into a MATLAB program �le that was then executed in MATLAB.

7
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Figure 3.1: 256 Faure points in 2 dimensions.
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Figure 3.2: 1024 Faure points in 2 dimensions.
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Figure 3.3: 4096 Faure points in 2 dimensions.
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Figure 3.4: 16384 Faure points in 2 dimensions.
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Figure 3.5: 256 Halton points in 2 dimensions.
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Figure 3.6: 1024 Halton points in 2 dimensions.
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Figure 3.7: 4096 Halton points in 2 dimensions.
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Figure 3.8: 16384 Halton points in 2 dimensions.
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CHAPTER IV

DERIVATION OF ACCELERATION METHOD

This chapter describes how the acceleration method used was obtained. Let

a =

Z
Is

f(~u)d~u � 1

n

nX
m=1

f(~um) = wn (4.1)

where wn is the nth approximation of a using some quasi-Monte Carlo sequence

f~umgnm=1. By the theory of low discrepancy sequences, as described in (insert citation

here), it is reasonable to assume an error expansion as follows.

wn = a + b0;n
log n

n
+ b1;n

(log n)2

n
+ : : :+ bs;n

(log n)s+1

n
; for n � 2 (4.2)

Now assume that the log n

n
term is large. This is a good assumption for s small or

function f smooth. The goal now is to estimate

a =

Z
Is

f(~u)d~u (4.3)

Let

wn = a + (b+ "n)
log n

n
+ 
n

(log n)�

n
(4.4)

where j"nj < " and j
nj < 
 for 2 � � � s. Now, assuming that 
 is small,

wn � a+ (b + "n)
log n

n
; for n � 2 (4.5)

Now it is necessary to put 4.5 into the form for a standard least squares procedure.

Multiplying both sides by n

log n
, the result is

nwn

log n
= a

n

log n
+ b + "n (4.6)

Letting yn =
nwn

log n
and xn =

n

log n
,

yn = axn + b+ "n (4.7)

12



Then, by adding and subtracting a�x, the equation becomes

yn = a(xn � �x) + (a�x + b) + "n (4.8)

where

�x =

NX
n=2

xn

N � 1
; (4.9)

assuming there are N points. Next, each side of equation 4.8 is multiplied by (xn� �x)

and then it is solved for a. Since " is small, the terms that include it can be discarded.

Notice that (a�x+ b) is just a constant. Also,

NX
n=2

(xn � �x) =

NX
n=2

xn �
NX
n=2

�x

=

NX
n=2

xn � �x

NX
n=2

1

=

NX
n=2

xn � (N � 1)�x (4.10)

=

NX
n=2

xn � (N � 1)

 
1

N � 1

NX
n=2

xn

!

= 0

Then

NX
n=2

(a�x + b)(xn � �x) = 0 (4.11)

Thus,

a �

NX
n=2

yn(xn � �x)

NX
n=2

(xn � �x)2

; (4.12)

where xn =
n

log n
, yn = wnxn, and wn is the nth quasi-Monte Carlo approximation of

a. This approximation can in turn be used to program the accelerated method used

in this thesis, as shown in the equations included in the appendices.

13



CHAPTER V

ERROR ANALYSIS

Now it is necessary to examine the error in the acceleration method described.

Re�ering back to equation 4.8, now include the 
n term that was previously discarded.

Letting c = b + a�x and �n = 
n(log n)
��1, the equation becomes

yn = a(xn � �x) + c+ "n + �n (5.1)

Note that �n represents the higher order terms which were postulated as being small.

Then

a � â =

NX
n=2

yn(xn � �x)

NX
n=2

(xn � �x)2

�

NX
n=2

�n(xn � �x)

NX
n=2

(xn � �x)2

+ a (5.2)

and, by applying the Cauchy-Schwarz inequality,

jEN j =

����������

NX
n=2

�n(xn � �x)

NX
n=2

(xn � �x)2

����������
�

 
NX
n=2

�2
n

!1
2

 
NX
n=2

(xn � �x)2

! 1
2

(5.3)

where EN is the error.

Now it is necessary to show that

jEnj �
ĉ(log N)�

N
(5.4)

This can be done by examining the numerator and denominator of equation 5.3

separately.

14



First, consider the numerator of 5.3.

 
NX
n=2

�2
n

! 1
2

� 


 
NX
n=2

(log n)2��2

! 1
2

� 


�Z
N+1

2

(log x)2��2dx

� 1
2

(5.5)

� 

�
x(log x)2��2jN+1

2

� 1
2

� 
(N + 1)
1
2 (log (N + 1))��1

Second, consider the denominator of 5.3,

NX
n=2

(xn � �x)2 =

NX
n=2

x2
n
� (N � 1)(�x)2 (5.6)

However,

NX
n=2

x2
n
�
Z

N

2

x2

(log x)2
dx

� N3

3(log N)2
� 23

3(log N)2
(5.7)

� N3

3(log (N + 1))2
� 8

3(log (N + 1))2

Also,

�x =
1

N � 1

NX
n=2

n

log n
� 1

N � 1

Z
N+1

2

x

log x
dx (5.8)

But Z
N+1

2

x

log x
dx � (N + 1)2

b log (N + 1)
(5.9)

for some b < 2 and N suÆciently large. Thus,

�x � 1

N � 1
� (N + 1)2

b log (N + 1)
(5.10)

To see this, �rst let M = N + 1. Suppose that

h(M) =
M2

b log M
�
Z

M

2

x

log x
dx (5.11)
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and

h0(M) =

�
2

b
� 1

�
M

log M
� M

b (log M)2
(5.12)

Notice that at M = exp ( 1

2�b), h
0(M) = 0. Also, h0(M) > 0 for M > exp ( 1

2�b)

and lim
M!1

h0(M) = +1. This implies that h(M) � 0 for M suÆciently large. For

example, if b = 1:75, then h0(M) > 0 for M > 55. It can then be shown that

h(M) > 0 for M > 110.

Hence,

NX
n=2

(xn � �x)2 � N3

3(log (N + 1))2
� 8

3(log (N + 1))2
� 1

N � 1
� (N + 1)4

b2 (log (N + 1))2

=
1

(log (N + 1))2

�
N3

3
� 8

3
� (N + 1)4

(N � 1)b2

�

=
N3

(log (N + 1))2

�
1

3
� 8

3N3
� (N + 1)4

N3(N � 1)b2

�
(5.13)

� N3

(log (N + 1))2

�
1

3
� 1:013

b2

�

for N > 500 and 1:75 � b < 2

Thus
NX
n=2

(xn � �x)2 � N3

(log (N + 1))2

�
1

3
� 1:013

b2

�
(5.14)

for N suÆciently large and 1:75 � b < 2.

Therefore,

jEN j �

(N + 1)

1
2 (log (N + 1))�

N
3
2

�
1

3
� 1:013

b2

� 1
2

(5.15)

for N suÆciently large and 1:75 � b < 2. Then,

jEN j �
(1:1)
�

1

3
� 1:013

b2

� 1
2

� (log N)�

N
(5.16)

for N � 500, 1:75 � b < 2, and N � 1

(1:05)
1
� � 1

. Then, if b = 1:75, the error

becomes

jEN j � 22

(log N)�

N
(5.17)

as desired.
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CHAPTER VI

RESULTS

In this chapter, the results from the application of the acceleration method will

be discussed for each of the three problems examined.

6.1 First Integral Problem

The �rst integral was considered in dimensions one, two, four, and six. It is a

smooth, continuous exponential function.Z 1

0

Z 1

0

� � �
Z 1

0

exp(x1x2 � � �xs)dx1dx2 � � �dxs; for s = 1; 2; 4; 6 (6.1)

where s is the dimension of the integral. Recall that in one dimension, the Faure and

Halton sequences are identical. In the graph below, the quasi-Monte Carlo results are

plotted against the accelerated quasi-Monte Carlo results.
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Figure 6.1: First Integral for s = 1
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Next consider the same integral with s = 2. In this case, the Halton and Faure

sequences yield di�erent results. Below is a table of these values.

Table 6.1: Results For First Integral in Two Dimensions

Nodes Halton Accel. Halton Faure Accel. Faure

100 .12868565E+01 .13409771E+01 .12929286E+01 .13422426E+01

200 .13011165E+01 .13271047E+01 .13070381E+01 .13306252E+01

300 .13070934E+01 .13238834E+01 .13090006E+01 .13246650E+01

400 .13094602E+01 .13216083E+01 .13125676E+01 .13214658E+01

500 .13110143E+01 .13207812E+01 .13138231E+01 .13213205E+01

600 .13121791E+01 .13203372E+01 .13125620E+01 .13204254E+01

700 .13129874E+01 .13198520E+01 .13143108E+01 .13200579E+01

800 .13139893E+01 .13197089E+01 .13147753E+01 .13198721E+01

900 .13142257E+01 .13193738E+01 .13157063E+01 .13194582E+01

1000 .13142277E+01 .13191971E+01 .13157579E+01 .13194501E+01

1100 .13143038E+01 .13190311E+01 .13156478E+01 .13192109E+01

1200 .13148235E+01 .13188504E+01 .13157156E+01 .13190507E+01

1300 .13150613E+01 .13187597E+01 .13157318E+01 .13189896E+01

1400 .13152983E+01 .13186550E+01 .13155979E+01 .13187562E+01

1500 .13153920E+01 .13186412E+01 .13159635E+01 .13186964E+01

1600 .13156084E+01 .13186107E+01 .13161687E+01 .13185943E+01

1700 .13159157E+01 .13185562E+01 .13161876E+01 .13184969E+01

1800 .13159778E+01 .13185108E+01 .13160312E+01 .13184431E+01

1900 .13157641E+01 .13184633E+01 .13163702E+01 .13183411E+01

2000 .13160945E+01 .13184577E+01 .13166527E+01 .13183615E+01

2100 .13162822E+01 .13184639E+01 .13167300E+01 .13183692E+01

Actual value is approximately 1:31790.
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Table 6.2: Results For First Integral in Two Dimensions, Continued

Nodes Halton Accel. Halton Faure Accel. Faure

2200 .13162001E+01 .13184772E+01 .13167493E+01 .13183384E+01

2300 .13162458E+01 .13184510E+01 .13167301E+01 .13183273E+01

2400 .13164616E+01 .13184129E+01 .13166651E+01 .13183039E+01

2500 .13162478E+01 .13183757E+01 .13169087E+01 .13182813E+01

2600 .13164989E+01 .13183345E+01 .13167646E+01 .13182801E+01

2700 .13165644E+01 .13183024E+01 .13168081E+01 .13182448E+01

2800 .13163668E+01 .13182626E+01 .13170613E+01 .13182228E+01

2900 .13165265E+01 .13182460E+01 .13168219E+01 .13182013E+01

3000 .13166280E+01 .13182294E+01 .13170341E+01 .13181717E+01

3100 .13165909E+01 .13182151E+01 .13170222E+01 .13181829E+01

3200 .13166407E+01 .13181994E+01 .13170513E+01 .13181653E+01

3300 .13165928E+01 .13181692E+01 .13170081E+01 .13181524E+01

3400 .13167491E+01 .13181539E+01 .13169549E+01 .13181447E+01

3500 .13167161E+01 .13181399E+01 .13169372E+01 .13181276E+01

3600 .13169264E+01 .13181307E+01 .13171488E+01 .13181401E+01

3700 .13168101E+01 .13181201E+01 .13171142E+01 .13181229E+01

3800 .13168024E+01 .13181018E+01 .13171810E+01 .13181226E+01

3900 .13169434E+01 .13181038E+01 .13172423E+01 .13181316E+01

4000 .13168942E+01 .13180971E+01 .13173165E+01 .13181187E+01

Actual value is approximately 1:31790.

According to these results, it appears that the Faure sequence is converging faster

than the Halton sequence, while the accelerated Halton sequence is converging faster

than the accelerated Faure. Regardless, it is clear that the accelerated sequences are

performing much better than the basic sequences. Even with just 2000 nodes, the

error is about :00005 for the accelerated Halton sequence. By way of comparison it
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would take approximately 20000 nodes to achieve a similar degree of accuracy with

standard Monte Carlo.

The following six graphs show the results obtained for this �rst integral with s = 2,

s = 4, and s = 6 for both Halton and Faure sequences. Note that the scale is not the

same on each.
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Figure 6.2: First Integral for the Halton Sequence with s = 2
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Figure 6.3: First Integral for the Faure Sequence with s = 2
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Figure 6.4: First Integral for the Halton Sequence with s = 4
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Figure 6.5: First Integral for the Faure Sequence with s = 4
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Figure 6.6: First Integral for the Halton Sequence with s = 6
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Figure 6.7: First Integral for the Faure Sequence with s = 6
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In �gure 6.7, the graph has been zoomed in to show greater detail. It can be seen

how the smoothing procedure works in this image, through making the oscillations

lest dramatic. For s = 6, neither the quasi-Monte Carlo methods nor the accelerated

methods appear to be converging as quickly as for the lower dimensions, and the

accelerated methods are not a drastic improvement upon the original sequences. This

can be explained by the fact that the method is expected to perform best for smoother

functions and lower dimensions, as mentioned previously. Thus what was illustrated

in �gure 6.1 is the best case scenario, with a smooth function integrated over just one

dimension. Though the accelerated method is still very e�ective for s = 2 and s = 4,

its advantage lessens progressively as the dimension increases.

6.2 Second Integral Problem

The second integral studied was also considered in dimensions one, two, four, and

six. This particular integral, found in [3], has a discontinuous integrand.Z 1

0

Z 1

0

� � �
Z 1

0

�
1

Rs

�s

�s(x1; x2; : : : ; xs)dx1dx2 � � �dxs (6.2)

where

Rs =

�
7

8

� 6
s

and

�s(x1; x2; : : : ; xs) =

8<
: 1 if jxi � :5j � Rs

2
, for i = 1; 2; : : :

0 otherwise.

and s is the dimension.

This integral has been constructed so that its value will always be one. Once

again, note that the Halton and Faure sequences are identical in one dimension. The

results are plotted below.

23



1000 2000 3000 4000 5000 6000 7000 8000
0.994

0.996

0.998

1

1.002

1.004

1.006

1.008

Nodes

In
te

gr
al

 v
al

ue

Quasi−Monte Carlo
Accelerated quasi−Monte Carlo
Actual value

Figure 6.8: First Integral for s = 1

Next consider the same problem with s = 2. Again, the results for both Halton

and Faure sequences have been placed in a table below.

Table 6.3: Results For Second Integral in Two Dimensions

Nodes Halton Accel. Halton Faure Accel. Faure

100 .98040247E+00 .10455669E+01 .91355681E+00 .86783600E+00

200 .95811951E+00 .99466479E+00 .98040128E+00 .95881593E+00

300 .98782784E+00 .98523450E+00 .99525511E+00 .98047251E+00

400 .10082525E+01 .10073173E+01 .99154115E+00 .99314004E+00

500 .99376911E+00 .10084280E+01 .10026819E+01 .10001397E+01

600 .99897003E+00 .10043088E+01 .99897003E+00 .10033579E+01

Actual value is 1.
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Table 6.4: Results For Second Integral in Two Dimensions, Continued

Nodes Halton Accel. Halton Faure Accel. Faure

700 .10026853E+01 .10061626E+01 .10026853E+01 .10060951E+01

800 .99990118E+00 .10042210E+01 .99711591E+00 .10071231E+01

900 .10002116E+01 .10027409E+01 .10026873E+01 .10084604E+01

1000 .10004599E+01 .10032599E+01 .10049163E+01 .10089742E+01

1100 .10047123E+01 .10031735E+01 .10107892E+01 .10087554E+01

1200 .10026852E+01 .10031875E+01 .99897158E+00 .10091505E+01

1300 .10009698E+01 .10034490E+01 .10026838E+01 .10098289E+01

1400 .99790800E+00 .10021832E+01 .10058657E+01 .10100305E+01

1500 .99822527E+00 .10012451E+01 .10071379E+01 .10099595E+01

1600 .10012881E+01 .10010200E+01 .10040733E+01 .10099034E+01

1700 .10013692E+01 .10013285E+01 .10026798E+01 .10091823E+01

1800 .10002035E+01 .10016668E+01 .10014414E+01 .10082030E+01

1900 .10003331E+01 .10017884E+01 .99916041E+00 .10072591E+01

2000 .10015639E+01 .10018349E+01 .99933577E+00 .10064490E+01

2100 .10058621E+01 .10022914E+01 .10005567E+01 .10054682E+01

2200 .10006552E+01 .10023470E+01 .10016680E+01 .10045000E+01

2300 .10026827E+01 .10022824E+01 .99880743E+00 .10035181E+01

2400 .10045413E+01 .10027103E+01 .99804211E+00 .10026296E+01

2500 .10009032E+01 .10027424E+01 .99733800E+00 .10017040E+01

2600 .10009732E+01 .10025140E+01 .99583101E+00 .10007302E+01

2700 .10002127E+01 .10023700E+01 .99691153E+00 .99992234E+00

2800 .99871069E+00 .10021025E+01 .99711907E+00 .99925631E+00

2900 .10011541E+01 .10018777E+01 .10011541E+01 .99880850E+00

Actual value is 1.
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Table 6.5: Results For Second Integral in Two Dimensions, Continued

Nodes Halton Accel. Halton Faure Accel. Faure

3000 .10012064E+01 .10019950E+01 .99897814E+00 .99872679E+00

3100 .10012553E+01 .10019640E+01 .99981767E+00 .99892658E+00

3200 .10006047E+01 .10019604E+01 .99990845E+00 .99908757E+00

3300 .10006690E+01 .10019282E+01 .10013442E+01 .99919468E+00

3400 .10000739E+01 .10017253E+01 .10007293E+01 .99933994E+00

3500 .10001496E+01 .10014169E+01 .10026963E+01 .99970919E+00

3600 .10008401E+01 .10012732E+01 .10020779E+01 .10002007E+01

3700 .10008910E+01 .10011345E+01 .10026976E+01 .10005423E+01

3800 .10009391E+01 .10010580E+01 .10015255E+01 .10007086E+01

3900 .10015562E+01 .10011338E+01 .10009848E+01 .10008577E+01

4000 .10004712E+01 .10010947E+01 .10010283E+01 .10008792E+01

4500 .99823576E+00 .10006548E+01 .10021967E+01 .10009775E+01

5000 .10004559E+01 .99985147E+00 .10026839E+01 .10015702E+01

5500 .10002468E+01 .99960756E+00 .10055131E+01 .10031689E+01

6000 .10000726E+01 .99984229E+00 .10034146E+01 .10038891E+01

6500 .99958241E+00 .99976295E+00 .10016390E+01 .10036781E+01

7000 .10004354E+01 .99963158E+00 .10007536E+01 .10030026E+01

7500 .10002835E+01 .99948323E+00 .10029571E+01 .10027068E+01

8000 .99987203E+00 .99949223E+00 .10012646E+01 .10024644E+01

Actual value is 1.

According to the above results, the accelerated methods are actually decreasing

the accuracy of the approximation. For this particular problem, neither quasi-Monte

Carlo sequences nor the accelerated methods worked particularly well. Also, the

accelerated methods did not improve the convergence in any noticeable manner. The

only real advantage that the accelerated method gives for this particular problem is
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that the results form a smoother curve with much less drastic oscillations than before

the acceleration. Such a smoothing operation can still be of value if. For instance,

if a certain degree of accuracy is required, the accelerated sequences typically will

not stray out of that bound once it is reach, while the original sequences continue to

oscillate. This can be further illustrated by the following six graphs which plot the

results for s = 2, s = 4, and s = 6, for both the Halton and Faure sequences. Again,

note that the scale is not the same for each graph.
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Figure 6.9: Second Integral for the Halton Sequence with s = 2
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Figure 6.10: Second Integral for the Faure Sequence with s = 2
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Figure 6.11: Second Integral for the Halton Sequence with s = 4
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Figure 6.12: Second Integral for the Faure Sequence with s = 4
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Figure 6.13: Second Integral for the Halton Sequence with s = 6
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Figure 6.14: Second Integral for the Faure Sequence with s = 6
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6.3 Third integral Problem

The third integral studied was a European call option, which is strictly a one

dimensional problem.

C =
e�rTp
2��2T

Z 1

ln s

(ex � S)e
�(x�lnS�rT+�

2
T
2

)

2�2T dx (6.3)

where

T = 1; r = 0:1; S = 100; � = 0:3; and s = 1

and T is the time to maturity, r is the riskless rate, S is the price of the stock, � is

the volatility, s is the dimension, and C is the value of the call. Now let

z =
(x� ln S � rT + �

2
T

2
)

�
p
T

and

b =
(�rT + �

2
T

2
)

�
p
T

Then

C =
e�rTp
2�

S

Z 1

b

h
e�
p
TzerT e�

�
2
T

2 � 1
i
e�

z
2

2 dz (6.4)

Now letting

h(z) =
1

2�
e�

z
2

2

and

y =

Z
z

�1
h(t)dt

and

a =

Z
b

�1
h(t)dt

then

C = Se�rT
Z 1

a

h
e�
p
TG(y)erT e�

�
2
T

2 � 1
i
dy (6.5)

where G(y) = z if

y =

Z
z

�1

e�
t
2

2

p
2�

dt
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Finally, let

w =
y � a

1� a

so that y = (1� a)w + a and

C = Se�rT
Z 1

0

h
e�
p
TG((1�a)w+a)erT e�

�
2
T

2 � 1
i
(1� a)dw (6.6)

For T = 1, r = :1, S = 100, � = :3, then

C � 90:4837

Z 1

0

�
e:3G((1�a)w+a)(1:05654)� 1

�
(1� a)dw (6.7)

where

a �
Z �:183333

�1

e�
t
2

2

p
2�

dt � 0:427268

Thus,

C � 51:8229

Z 1

0

�
1:05654e:3G(:572732w+:427268) � 1

�
dw (6.8)

where G : U [0; 1]! N [0; 1].

According to [2], the value of C is about 16:734. Applying the method of acceler-

ation, the following results are obtained.

Table 6.6: Results For Third Integral

Nodes Quasi-Monte Carlo Accelerated

100 .15930358E+02 .16563065E+02

200 .16274723E+02 .16626125E+02

300 .16358376E+02 .16679771E+02

400 .16477859E+02 .16670567E+02

500 .16502121E+02 .16674673E+02

600 .16521236E+02 .16702620E+02

700 .16531742E+02 .16695034E+02

800 .16593212E+02 .16698151E+02

Actual value is approximately 16:734.
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Table 6.7: Results For Third Integral, Continued

Nodes Quasi-Monte Carlo Accelerated

900 .16603451E+02 .16697300E+02

1000 .16605453E+02 .16701492E+02

1100 .16613737E+02 .16715788E+02

1200 .16615974E+02 .16716263E+02

1300 .16623272E+02 .16715466E+02

1400 .16621325E+02 .16712292E+02

1500 .16624578E+02 .16710833E+02

1600 .16657274E+02 .16714132E+02

1700 .16637730E+02 .16714081E+02

1800 .16661531E+02 .16713886E+02

1900 .16644785E+02 .16714687E+02

2000 .16663923E+02 .16716413E+02

2100 .16671717E+02 .16721632E+02

2200 .16667032E+02 .16724409E+02

2300 .16667629E+02 .16724604E+02

2400 .16669939E+02 .16724775E+02

2500 .16669416E+02 .16723961E+02

2600 .16672764E+02 .16724335E+02

2700 .16669661E+02 .16723833E+02

2800 .16672880E+02 .16722656E+02

2900 .16668087E+02 .16722412E+02

3000 .16673998E+02 .16721884E+02

3100 .16686466E+02 .16722885E+02

3200 .16692852E+02 .16723663E+02

Actual value is approximately 16:734.
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Table 6.8: Results For Third Integral, Continued

Nodes Quasi-Monte Carlo Accelerated

3300 .16679308E+02 .16723593E+02

3400 .16681177E+02 .16723656E+02

3500 .16677877E+02 .16723309E+02

3600 .16694719E+02 .16723579E+02

3700 .16684029E+02 .16723898E+02

3800 .16685152E+02 .16723955E+02

3900 .16688488E+02 .16724470E+02

4000 .16696539E+02 .16724968E+02

5000 .16698145E+02 .16728260E+02

6000 .16701138E+02 .16727148E+02

7000 .16702860E+02 .16727861E+02

8000 .16713762E+02 .16728971E+02

9000 .16710964E+02 .16730766E+02

10000 .16713837E+02 .16730253E+02

11000 .16712513E+02 .16729927E+02

12000 .16715872E+02 .16729567E+02

13000 .16715704E+02 .16730009E+02

14000 .16716446E+02 .16729828E+02

15000 .16717749E+02 .16730022E+02

16000 .16722597E+02 .16730377E+02

Actual value is approximately 16:734.

It can be seen in the previous table that the accelerated sequence is converging

much faster than the quasi-Monte Carlo, and this advantage is particularly obvious

when the number of nodes is less than 4000. The following graph further illustrates

the data presented in the table above.
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Figure 6.15: Third Integral Results
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CHAPTER VII

CONCLUSION

The method of acceleration described in this paper has shown to be e�ective for

one type problem while ine�ective for another type. Speci�cally, the method works

well for integrals over smaller dimensions of functions that are smoother. The second

integral studied in Chapter VI, the discontinuous integrand problem, showed that this

method of acceleration, and perhaps even quasi-Monte Carlo sequences in general,

cannot be applied universally. However, the method showed good success for the

European call option problem. The method was expected to work well since the

call option was a one dimensional integral of an exponential function. Should this

method then be applied to similar integrals, it would appear to have an equivalent

rate of success. Given that a signi�cant number of integrals in �nancial mathematics

satisfy these criteria of low dimension and smooth integrands, this method should

prove to be very useful in that �eld.

Through this investigation, it was not apparent whether the accelerated Halton

or the accelerated Faure sequence performed better than the other. The advantage of

Halton, however, is that it seems to be more easily adaptable to parallel computing

than the Faure sequence due to the fact that the values of nodes in higher dimensions

do not depend on previous dimensions. Also, as illustrated by the �gures in Chapter

III, the Halton sequence appears to have less regularity and is more evenly distributed.

Future work on this topic could include �nding a better error estimate than the

one used in this paper. Also, a method of determining when the Halton or Faure

sequence would be more e�ective than the other could be useful.
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APPENDIX A

PROGRAM QMFAURE1.F

This code, written in Fortran 77, implemented the method of acceleration on the
Faure sequence to solve the �rst integral studied.

dimension irr(2),phi(10),dims(4)
data irr/5, 7/
data dims/1, 2, 4, 6/
do 77 iii=1,4
sdim=dims(iii)
write(output,*) 'sdim = ',sdim
mmm=32768
s=0.0
sa=0.0
sb=0.0
sc=0.0
sd=0.0
se=0.0
if (sdim.le.2) then
ir=2
else
ir=irr(iii-2)
end if
n=0
do 300 nn=1,mmm
n=n+1
call faure(n,ir,sdim,phi)
s=s+func(sdim,phi)
if (n.ne.1) then
an=real(n)
x=an/log(an)
w=s/an
y=s/log(an)
sa=sa+y
sb=sb+x
sc=sc+x*y
sd=an-1.0
se=se+x*x
yy=((sa*sb)-(sc*sd))/((sb*sb)-(sd*se))
if(n.le.4000) then
num=mod(n,100)
else
num=mod(n,1000)
endif
if(num.eq.0) then
write(6,150) n,w,yy

150 format(2x,i8,4x,e15.8,4x,e15.8)
end if
end if

300 continue
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77 continue
stop
end

subroutine faure(n,ir,sdim,phi)
dimension ia(100),aa(10,100),phi(100)
m=0

311 continue
m=m+1
khc=ir**m
if(khc.le.n) goto 311
nn=n
m=m-1
do 400 j1=1,m+1
j=m+1-j1
khc=ir**j
ia(j+1)=nn/khc
nn=nn-ia(j+1)*khc

400 continue
phi(1)=0.0
do 500 j=1,m+1

500 aa(1,j)=ia(j)
air=ir
do 505 j=1,m+1
aj=j
chk=1.0/(air**aj)

505 phi(1)=phi(1)+aa(1,j)*chk
if (sdim.gt.1) then
do 520 k=2,sdim
do 515 j=0,m
sum=0.0
do 510 i=j,m
call combo(i,j,ijk)
sum=sum+ijk*aa(k-1,i+1)

510 continue
aa(k,j+1)=mod(sum,air)

515 continue
520 continue

do 530 k=2,sdim
phi(k)=0.0
do 525 j=0,m
jj=-j-1
chkk=air**jj
phi(k)=phi(k)+aa(k,j+1)*chkk

525 continue
530 continue

end if
return
end

subroutine combo(i,j,ijk)
call fact(i,ii)
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call fact(j,jj)
k=i-j
call fact(k,kk)
ijk=ii/(jj*kk)
return
end

subroutine fact(i,j)
j=1
if (i .ge. 1) then
do 600 k=1,i

600 j=j*k
end if
return
end

function func(sdim,phi)
dimension phi(10)
vnum=1.0
do 700 k=1,sdim
vnum=vnum*phi(k)

700 continue
func=exp(vnum)
return
end
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APPENDIX B
PROGRAM QMHALTON2.F

This code, written in Fortran 77, implemented the method of acceleration on the
Halton sequence to solve the second integral studied.

dimension irr(6),phi(10),dims(4)
data irr/2, 3, 5, 7, 11, 13/
data dims/1, 2, 4, 6/
do 77 iii=1,4
sdim=dims(iii)
write(output,*) 'sdim = ',sdim
mmm=32768
s=0.0
sa=0.0
sb=0.0
sc=0.0
sd=0.0
se=0.0
n=0
do 300 nn=1,mmm
n=n+1
do 289 ir=1,sdim
irrs=irr(ir)
call faure(n,ir,phi,irrs)

289 continue
s=s+func(sdim,phi)
if (n.ne.1) then
an=real(n)
x=an/log(an)
w=s/an
y=s/log(an)
sa=sa+y
sb=sb+x
sc=sc+x*y
sd=an-1.0
se=se+x*x
yy=((sa*sb)-(sc*sd))/((sb*sb)-(sd*se))
num=mod(n,2000)
if(num.eq.0) then
write(6,150) n,y,w,yy

150 format(2x,i8,4x,e12.5,4x,e15.8,4x,e15.8)
end if
end if

300 continue
77 continue

stop
end

subroutine faure(n,ir,phi,irrs)
dimension ia(100),aa(100,10),phi(100)
m=0
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311 continue
m=m+1
khc=irrs**m
if(khc.le.n) goto 311
nn=n
m=m-1
do 400 j1=1,m+1
j=m+1-j1
khc=irrs**j
ia(j+1)=nn/khc
nn=nn-ia(j+1)*khc

400 continue
phi(ir)=0.0
do 500 j=1,m+1

500 aa(j,1)=ia(j)
air=irrs
do 505 j=1,m+1
aj=j
chk=1.0/(air**aj)

505 phi(ir)=phi(ir)+aa(j,1)*chk
return
end

function func(sdim,phi)
dimension phi(10)
func=0.0
chk=0
ss=real(sdim)
rs=(7.0/8.0)**(6.0/ss)
do 700 k=1,sdim
vnum=2*abs(phi(k)-.5)
if (vnum.gt.rs) then
chk=chk+1
end if

700 continue
if (chk.eq.0) then
func=1.0
end if
func = func*(rs**(-ss))
return
end
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APPENDIX C
PROGRAM QMPROB3.F

This code, written in Fortran 77, implemented the method of acceleration on the
quasi-Monte Carlo sequence to solve the third integral studied.

sdim=1
mmm=32768
s=0.0
sa=0.0
sb=0.0
sc=0.0
sd=0.0
se=0.0
ir=2
n=0
do 300 nn=1,mmm
n=n+1
call faure(n,ir,phi)
s=s+func(phi)
if (n.ne.1) then
an=real(n)
x=an/log(an)
w=s/an
y=s/log(an)
sa=sa+y
sb=sb+x
sc=sc+x*y
sd=an-1.0
se=se+x*x
yy=((sa*sb)-(sc*sd))/((sb*sb)-(sd*se))
if(n.le.4000) then
num=mod(n,200)
else
num=mod(n,2000)
endif
if(num.eq.0) then
write(6,150) n,y,w,yy

150 format(2x,i8,4x,e12.5,4x,e15.8,4x,e15.8)
end if
end if

300 continue
77 continue

stop
end

subroutine faure(n,ir,phi)
dimension ia(100),aa(10,100),phi(100)
m=0

311 continue
m=m+1
khc=ir**m
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if(khc.le.n) goto 311
nn=n
m=m-1
do 400 j1=1,m+1
j=m+1-j1
khc=ir**j
ia(j+1)=nn/khc
nn=nn-ia(j+1)*khc

400 continue
phi(1)=0.0
do 500 j=1,m+1

500 aa(1,j)=ia(j)
air=ir
do 505 j=1,m+1
aj=j
chk=1.0/(air**aj)

505 phi(1)=phi(1)+aa(1,j)*chk
return
end

subroutine uniftonorm(un,ga)
dimension xxx(1001),yyy(1001)
common xxx,yyy
call maketab
call untoga(un,ga)
return
end

subroutine maketab
dimension xxx(1001), yyy(1001)
common xxx,yyy
cc=sqrt(2.0*3.141592654)
xxx(1)=0.0
yyy(1)=0.0
h=.0005
do 10 i=2,1001
xxx(i)=xxx(i-1)+h
hlp=h*cc*exp(.5*yyy(i-1)*yyy(i-1))
hlp2=hlp*(.125+.25*yyy(i-1)*yyy(i-1))
yyy(i)=yyy(i-1)+hlp*(1.0+hlp*(.50*yyy(i-1)+hlp2))

10 continue
return
end

subroutine untoga(un,ga)
dimension xxx(1001),yyy(1001)
common xxx,yyy
unnn=abs(un-.5)
m=(unnn/.0005)+1
hlp=yyy(m)*(xxx(m+1)-unnn) + yyy(m+1)*(unnn-xxx(m))
ga=hlp/.0005
if(un.lt.0.5) ga=-ga
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return
end

function func(phi)
un=(.572732*phi) + .427268
call uniftonorm(un,ga)
func = 51.8229*((1.05654*exp(.3*ga))-1)
return
end
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